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Hiéu chinh nguyén ly cuc dai Pontryagin trong bai toan diéu khién t6i uwu
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Bai bao nghién clru vé tinh té6i wu cla hé thdng diéu khién bang phuong phap st dung nguyén ly cuwc dai
Pontryagin. Bai b4o dwa ra mét diéu kién clia nguyén |y cwc dai da hiéu chinh d& dam bao tinh téi wu cuc bo yéu
cla cac qua trinh didu khién ddi voi hé thdng Affine va bo diéu khién da dién.

Twr khéa: Ham diéu khién; quy dao chuyén dong; nguyén ly cuc dai; tbi wu cuc b yéu.

Abstract

The article studies the optimization of the control system by using the Pontryagin’s maximum principle. Introduce
a modified maximum rule condition to ensure weak local optimization of control processes for Affine systems and

multifaceted controllers.

Keywords: Control function; motion trajectory; maximum principle; weak local optimization.

1. DAT VAN DE

Kiém soat t6i wu la mot trong nhirng Iinh virc quan
trong nhat cda ly thuyét cuc tri. N6 c6 nhirng (rng dung
thuc té trong céac linh virc hoat dong khac nhau cla
con ngwoi. Cac phwong phap nghién ctru chinh cla
cac bai toan didu khién t6i wu la phwong phap lap trinh
dong Bellman va nguyén ly cwc dai Pontryagin.

Nguyén ly cyc dai Pontryagin dwgc Vién si ngwdi Nga
Pontryagin néu ra nam 1956 nhw mét gia thiét va dwoc
cac hoc tro clia 6ng la Gamkrelidze (1957), Boltianski
(1958) chirng minh chat ché. Nho nguyén ly cwc dai
Pontryagin, ngudi ta cé thé quy cac bai toan diéu khién
t6i wu vé viéc gidi cac bai toan bién. Trong bai toan
didu khién tbi wu, theo ly thuyét thi mét phwong an
thda man cac diéu kién tdn tai cé thé dwoc dwa ra bang
céach xac dinh tat ca cac quy dao thda man nguyén ly
cwc dai Pontryagin va lwa chon cai tdi wu nhéat.

Tuy nhién, trong thuc t&, diéu nay cé thé rat kho va
didu quan trong la phai hiéu liéu mét quy dao nhéat dinh
c6 phai 1a téi wu hay khong. O’ day, ching téi gidi thiéu
mot didu kién nguyén ly cuc dai d& hiéu chinh déi voi

Nguoi phan bién: 1. PGS. TS. Khuat Van Ninh
2. TS. Nguyén Viét Tuan

hé théng didu khién Affine véi bod diéu khién da dién
dé dam bao tinh tbi wu cuc bd yéu cla cac qua trinh
diéu khién.
2. MOT SO KET QUA CHUAN B
Mot sb ky hiéu dwoc st dung trong bai bao:
Chuén Euclide ctia mét diém x la |x| va tich vé hwéng
gitra x,y 1a <x, y>. Chuén |-|p Ia chudn trong khéng gian
LNOIT<p<+w,
Tap hop C (fa;b];D) bidu thj tap cac ham lién tuc /:[a;b]
—D.
Cho ma tran 4, ma tran chuyén vj ctia 4 dwoc bidu
dién 4"
Ma tran don vi biéu dién bai .
Do do Lebesgue clia mét tap € da cho dwoc biéu dién
béng meas (C).
Tap hop ¢ c R™ 13 tap da dién néu né dugc dinh
nghia la tap nghiém ctia mot hé bat phwong trinh tuyén
tinh, tiee la:

=# meo, =, =12

Trong do:
¢, 1a mot vecto ¢b dinh trong R" ;

a,la mét hang sé thuc cb dinh, voi moi i =1k.
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Tap hop cac da dién bi chan dwoc goi la cac khoi
da dién.

Chung ta dinh nghia mét sé khai niém co’ ban trong bai
toan diéu khién t6i wu:

Xét bai toan diéu khién téi wu sau day:

O(x(7)) — inf (1)
=)+ (). )
x(0) =x, @)
Trong do:
C cb dinh;

x,1a moét diém cho trudc trong R”.

O day, va trong subt bai bao,
P:R*"> R fiRXR" >R, g:RXR" - R™™ [a cac
ham lién tuc kha vi c&p hai;

U c R™ la mét da dién.

Binh nghia 1 ([1)):

Diéu khién chap nhan dwoc 1a mot ham u: [0, T] » R™
lién tuc tirng khc, lién tuc phai va théa man u(t) € U,
ki hiéu la u(.).

Dinh nghia 2 ([2]):

Mot cap (u(.), x(.)) dwoc goi la mét qua trinh diéu khién
(u(.), x(.)) bao gdbm mét ham diéu khién u(.) lién tuc tirng
khuc va mét quy dao trang thai x(.) lién tuc la nghiém
ctia phuong trinhviphan = (, )+ (, ) .
Dinh nghia 3 (/2)):

Mot qua trinh diéu khién (2(-), () dwoc goi la téi
wu cuc bd yéu néu ton tai € > 0 sao cho bat ky quéa
trinh diéu khién c6 thé chap nhan duoc (@(),z())
thda man [u() —4()lew <& thi bt ding thuc
d(x(T)) = ¢(&(T)) dwoc thda man.

Pinh nghia 4 (/2]): Hé phwong trinh vi phan tuyén tinh
lién hop véi hé théng (1) - (3) cé dang:
s g OO

— — P

O day:
* bidu thi sw chuyén vi.
Pinh nghia 5 (/2)):

Ham Pontryagin la ham dwoc xac dinh bdi.
d
) ( [ ) = —* i [( [ )
i=1
Ham Lagrange twong &ng v&i bai toan (1) - (3) dwoc
xac dinh badi.

¢, ..)=x

n
"o (o, ()= " (o (1)
i=1
Vi L ,A,,..., A la cac nhan tlr Lagange.

Dinh ly 1:

(Nguyén ly cuc dai Pontryagin’s - Xem muc 2.2 - [2]):

Gia st rang cho cac ham fva ¢, i € {0,1,...,n} thda
man céac diéu kién cla bai toan (1) - (3). Néu (&, 1)
la qua trinh tdi wu cta bai toan (1) - (3) thi tén tai mot
vecto khac 0 1a 2 = (A9, 44,...,4,) gbm cac nhan t&
Lagange va (t) = (¥, (t),...,p4(t)) 1a nghiém clia
hé thdng lién hop va thda man cac diéu kién dwdi day:
i.4,z20,voii=0vaie{k+1,..,n};

ii. 2:p; (R(£6), £(t)) = 0 voimoi i € (ke +1,...,n};

iii. Didu kién chuyén dbi

(0): xo:: (O)Vé

- ()= = ;
VI T

iv. Biéu kién cuwc dai.

- Biéu kién cuc dai yéu:

Voimoi r e [t,,t,) N RS,

I—%,

(), (), ()-, — () <0véimoivel.

- biéu kién cwc dai manh: Néu s € [to,t1) N RD,

max (. (40 )= ., (OO +0

O day:

T'la mot tap con dong, khac réng cia R.

RS 1a tap hop cac diém phan tan bén phai cta T.

RD la tap hop cac diém tri mat bén phai cta 7 trong
T\{supT}.

Chu y rang cong thirc cia Binh ly 1 khéng bj gi¢i han
béi tinh déng cua tap hop céc diéu khién cé thé chap
nhan dwoc U va tinh 16i clia tap hop cac diéu kién
rang budc.

Bay gid chung ta tién hanh phan tich nguyén ly cwc dai
clia Pontryagin 13 mét diéu kién dd va dam bao tinh ti
wu clia qua trinh diéu khién. Ky hiéu bang x(., @(-))
la 16i gidi cho bai toan Cauchy.

=0+ G+ ) @O=

bat 2(-) = x(-,0), ta c6 ham sai phan:

r:[0,T] X R™ - R"

x(t,a()) = 2(t) + #(t) + r(t, u())

Trong do:

u(-) la loi gidi cho bai toan Cauchy

EOEEOI O

(0 =o0.
Ta co: ;
L4, ")t = 1 #,"()

0
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A

_ X)X - F(ex(e) ()
tu())= A d
et - g(tx(t)+ x(t))(u(t)+u

< %max|V2f(l‘, x)||)_<(t)|2

<o
—

~
~

+

+—max|vg (ex)[x (0 (ja(e) ue))
+max| Vg ()| x(t)Ju(t).

Trong do:

p(t,%(-)) ham khoang céch:

T
Tl‘J’l_()ls( ) 1-O)I (4)
Ta co: 0
T 2
O =( )12|"()] 5. )

0
Pat @(t) € U va 1i(t) + ati(t) € U,voi t € [0,T] va
a € [0, apl.

Khi do, tir Li_r)r(l)a‘lr(t, au(-)) = 0.
Ta co:
¢(x(r,aa(.)))=¢(;(r))+<V¢(;(r)) ox(T)+ (T, )

+—= (ocx +r(T,oc )

xa)(oc (£)+ (T ouu( )))>
O day:

«= 1= )(C )+ . /) ,0€][01].
P&t @(t, s) 1a ma tran hé sb co ban cla hé théng.
=8, (0 LGN
pat ()=- "(C,) ().

Ta cé:

$e( )5 &() =—7 () $.&0)*4(0C) . ()

Gia st rang:

(L) <0
Khi @(t) € (U —14(t)) va u() # 0.
Ta co:
"%, )(-.> $0C -
V&i moi a > 0 dd nhd.
Piéu kién:
) ()< ) (L))
Vaoi:

NGANH TOAN HQOC

u€U, u=+u(t) (7)
C6 nghia la 4(-) 1a mot diéu khién cuwc tiéu. Diéu kién
(7) c6 thé dwoce hieu 1a nguyén ly cwc dai xac dinh duy
nhat mot ham diéu khién.

D& dam bao tinh téi wu cuc bd cha 4 ching ta chi xét
I&p cac diéu khién Affine va cac bo didu khién da dién.
Ngoai ra, déi véi hé théng afine véi cac bo diéu khién
da dién, trong nhiéu trudng hop, cé thé xét mot phién
ban clia nguyén ly cwe dai nhw mot diéu kién du.

3. KET QUA CHINH

Trong phan nay, chiing ta sé& bd sung cac diéu kién cla
nguyén ly cwc dai sao cho d&m bao tinh téi wu cuc bd
cla diéu khién 1.

Pinh nghia 6 (/3)):

Didu khién 2(-) dwoc goi la thda man mét nguyén ly cuc
dai da hiéu chinh, néu tén tai mét ham do dworc, khéng
amg:[0,T] - R*, hang séy >0 vaa >0 sao cho:

maxk %, "()% —"OL () + O —"ON=0;
{ OIO=<lt=s [0 ol;
{ o1 O=1}=0 =0

Quan sat thay, bat dang thirc dau tién co nghia tuong
dwong dieu kién nguyén ly cwc dai:

max &,*()-& —*()-, () =0

V&i moi a € [0, ag].

Két qua sau day thiét [ap cac diéu kién hivu ich dé chirng
minh thudéc tinh clia nguyén ly cwc dai da hiéu chinh.
bat:

s ) 0= o< << =

:W] ($::
=max ;> J, =068

uev

= % ..

"( $ = mp

[l! l+1]1
=Bl

Bé dé 1 (3)):
Gia st ¢(.) Ia mot ham lién tuc va kha vi lién tuc tirng
phan, nguyén ly cuc dai xac dinh duy nhat diéu khién
2(-) theo nghia la:
(@), U — Upy,) < 0,VE E [t),t41], VU E U, u # Uy,
Va

. a
max  (;+0), m
m#+my

min (.—-0),
m+Em_q

m <72, =E0%P o

= P» ()

mp_q >2 o

Khi do, diéu kién nguyén ly cwc dai d& hiéu chinh duwoc
théa man.
Chiing minh.
bat

At > 0,u =

M M —
m:llmum' u# uml' Am = 0, Zm:llm -
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(l+ )l_

m#+m;

(l+ )r - m = nl m mlc

St dung (8) ta co:
(q(t, + At),um - um,>

% m +At<d(f/ +0).u, —um/>+o(At)

+ > Aq(t +At)u, —u,)

meM,

<= hu0oAt Y A, (q(t +At),u, —u,)
e et

V&i moi Az dd nho.
Néu m e M, thi ta co (q(t), Um — Um,) <O,
T a(t)=(q(t),u, -u,) lién tuc va a(t,)<0 dan
dén (l+ = 1+ )1m_ ml<0
véi moi Ar di nhd. Nhw vay ta co: thé viét

(;+ )= i+ ) m— m <— 2cho
motsé o, >0. Vi vay, ta co:
(q(t, +At),um _um,>s - 2 A, 0 At - z A0,

meM, meM,
mm,

<- Z ApOoAf = Z A,C AL

meM, meM,
m#my

<- z A0, AL

m=my
Vi motsé o, > 0, & day Arla da nho.
Tir

Uy, —u,,| <

D Ay (um -u, )

m=m

<Dk max|um —um/|
m£m,

Ta co:

> A (um —um/)

m=m;

(q(t, +At),u-u,)<-oc, At
max|u, ~u, |
u-u,|

=-0,————AtL
Tix|um -u, |
Twong ty, tir (9) ta co:
|
Q(t, -At)u-u, )<-o —— At

3
max |um ~U, . |

Do do, ham o(t) trong nguyén Iy cwc dai da hiéu
chinh cé thé dwoc xac dinh nhw sau:

G(t) _ C_{tmz_ t/ _ t/+1 + t/|

—|t

], te [l‘,,tm], 1e0,L-1,

O day:

o du nhé.

B dé sau cung cAp moét bat déng thire sé ¢ lién quan
trwec tiép dé chirng minh diéu kién dd cho tinh téi wu.

B6 dé 2 ([3]):

V6i O trong diéu kién nguyén ly cwc dai da hiéu chinh.
Thi

T T 2
' () () — > () + =0 (10)
0 0
O day:
1
|W(')|°°<2_'YC.
Chdnmg minh.

Xét bai toan diéu khién téi wu sau:
T
() () -

0
=, [0, ] (0)=0
Gia st rang diéu khién téi wu w(-) khac 0. Khi do, ton
tai A = 0va mot ham (-) tuyét déi lién tuc sao cho:
=0, ()=2 ()
max1 ()-— =1 ()-

welo0,e]
4] Ol>0.
Chéc chidn i == 0. batx = 1. Ké& tir do.
(e p(O) > o
PO={3 Yo 2 o6
va (

=2 ) =2
O day:
M = meas{t|o(t) < y(t)}.
Vay M =meas{t|o(t) < 2ceM| < 2yceM.

2( ) - inf

()5 ()57();

Lay ¢ < 2L dan dén mau thuan. Vay diéu khién t6i vu
. ve
bang khéng. N6 cé nghia (10) dwoc chirng minh.

Binh ly dusi day xac dinh diéu kién di cta nguyén ly

cwc dai da hiéu chinh.

Xét bai toan diéu khién téi wu (1) - (3).

Pinh ly 2.

bat (2(-),2(-)) 1a qua trinh diéu khién chap nhan

duwoc thda man diéu kién ciia nguyén ly cwc dai da

hiéu chinh, goi p (.) la nghiém cla qua trinh Cauchy.
)=-- O+ () (O (),
()=- ().

Thi (2(),2())) 1a mét t6i wu cuc bd yéu theo nghia:

Tén tai € > 0 sao cho moi qua trinh diéu khién chap

nhan duoc (u(-),x(-)) théa man |u() = ()] < oo
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thi b4t dang thire ¢(x(T)) = ¢(2(T)) dwoc thda man.
Chdmg minh.

That vay, tr (4), (5), (6) va nguyén ly cwc dai da hiéu
chinh ta co:

o(x(T)u)> ¢(}(T)) + <V¢(§<(T),}(T))
—(const)[;”a(t)‘ dtJ

_(const)U'|a(t)|dtJ2
> ¢(x( )+Ec t)dt - (const) [”“ |dt]2

Ap dung B6 dé 2 ta c6 két qua can chirng minh.

Sw tdng quat ctia nguyén téc cuwc dai da hiéu chinh cho
cac bai toan didu khién tdi wu nham thiét 1ap tap hop
céac diéu kién rang budc dam bao cho tinh tbi wu cla
qua trinh diéu khién.

Xét bai toan didu khién:

) inf (1)
=)+ () (12)
0 (13)
© o () . (14)
Binh Iy 3.

pat ((),2()) 1a qua trinh didu khién chap nhan
duwoc. Gia st rang ton tai mot ham bién thién, bi chan
p (.) va mét vecto co gia tri d6 do Borel la p dwoc xac
dinh trong [0,7] thda mé&n cac diéu kién sau:

()=- ()0 +
OO O+ ()

T

f(x(t) — 2(t),du(t)) < Ovéi moi quy dao chap nhan

(19)

g’uo’c;c(t).
0), o —*0) =—( o= *(0)*7* (16)
o o [01] (17)
- <) =*() =0, (18)

Hon nira, nguyén ly cwc dai da hiéu chinh dwoc
thda man.

Khi do (a(),2(})) latdi wu cuc bd yéu.

Chimg minh:

Pat (2() +u(),x(")) la qua trinh diéu khién chap
nhan dwoc.

NGANH TOAN HOC
Ta co:

¢(x(r))z¢(;(r))+<vq>(;(r)),x(r)_x(r)>

Si dung (18) C&(const)‘x(T)— x() .

o(x(T))= ¢(x(T)) = (p(T).x(T) = x(T)
~(const)|x(T)~x(T)| -

Dbat )_(() la nghiém cda qua trinh Cauchy.

x=v, (F(t.X(0)+ g(tx(0))a(t) x+g (X (1))u
x(0) = x(0) - x(0).
Cha y rang:

p(t)=|x(t)+ X(t)~(F(6x+X) + gt 3+ x)(a+ )
< (const) [ +|;||a|).
o) (e |

Tu| | const [‘
)‘S const JT'p
0

< (const)[‘x(o) - x(O)‘2 + u|a(t)| dtj ]
Tu diéu nay va bat déng thirc:
[x(t) = x(t)| < (const) U x(0)|+ j ju(t)|d J
d(x(T)) = o(x(T))~¢p(T).x(T)
—(const) [‘ ‘ (” | ]]

D&t @ 1a ma tran hé sb co ban cla hé théng.

X=V (f(t }(t))+g(t )A((t))A(t));(.

Ta co:

x(7) = (%(T)+X(

Ta co:

Tw p(t) = ].d) s,t)du(s
Ta co:
~p().X(T)) =~p(t).@(T.0)(x(0)- X(0))

+£q> (T.t)g(tx(t )) (t)dt)

)
= ~p(0)+ [ @ (5,0)du(s)x(0)- x(0))
0

T

- [(p(t).g (tx(1))u(t)at

0
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NGHIEN CUU KHOA HOC

<fq> (s.t)g (t:x(1))u(t)dt,du(s)
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—_
~
~—_—
—_
~—
R
S

+j<x(s) —(x(s)+)_((s)),dp(s)>
0
St dung (17), (16) va nguyén ly cwc dai da hiéu chinh
ta co:

o(x(T)) = ¢()A((T))+(const)‘x(0)—;((0)

2-¢

O i +G|E(t)|dt]2].
Chii y:

T [
+[o(t)|u(t)ot
—(const)[‘x(o)—;((o)
Ap dung B6 dé 2 ta c6 két qua.
Diéu kién (17) dwoc thoa man néu C, 1a mét diém hoac
moét hinh da dién va x(0) la mot vecto.

4. KET LUAN
Bai bao khai quat vé tinh t6i wu cta hé thdng diéu

khién béng phwong phap st dung nguyén ly cwc dai
Pontryagin.

THONG TIN TAC GIA

Nguyén Thi Hué

nghién ctu):

- Tém tét cong viéc hién tai: Giang vién khoa Khoa hoc co ban, Triedng Pai hoc Sao Da.
- LTnh vuc quan tam: Nghién cru toan ly thuyét va cac (rng dung clia toan trong cac nganh

ky thuat.

- Email: minhhuesaodo@gmail.com.

r
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i [ I nhién, DPHQGHN.
|
|
|
|
|
|

. - Dién thoai: 0977944536.

- Tém t&t qué trinh dao tao, nghién ctru (thdi diém tdt nghiép va chuong trinh dao tao,

+ Nam 2008: Tot nghiép Dai hoc nganh Suw pham Toan hoc, Dai hoc Vinh.
+ Nam 2014: Tét nghiép Thac si nganh Ly thuyét xac suét thong k&, Pai hoc Khoa hoc tw

Trong bai nay ching t6i nghién ctru da hiéu chinh, bd
sung diéu kién cho nguyén Iy cwc dai Pontryagin dé
dam bao tinh téi wu cuc bod yéu clia cac qua trinh diéu
khién dbi voi hé thong Affine va bo diéu khién da dién.
Nguyén Iy cwc dai da hiéu chinh ching té rang diéu
khién dwoc xac dinh duy nhét cho hdu hét cac khoang
thoi gian va trang thai cia hé théng 1a 6n dinh.
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NGANH TOAN HQOC

Lwu Trong DPai
- Tom tat qua trinh dao tao, nghién clru (thdi diém tét nghiép va chwong trinh dao tao,
nghién ctru):
+ Ndm 2005: T6t nghiép Dai hoc nganh Toan - Tin, Pai hoc Khoa hoc ty nhién, Bai hoc Quéc
gia Ha Noi.
+ Nam 2017: Tt nghiép Thac sT nganh Ky thuat may nh, Bai hoc Bach khoa Ha Noi.
- Toém tat cong viéc hién tai: Giang vién khoa Co ban, Hoc vién Tai chinh.
- Linh vuc quan tam: Giai ch va bai s6.
- Email: luutrongdai@hvtc.edu.vn.
- Bién thoai: 0922551772.
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